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INTRODUCTION

 

Acoustic waves propagate in thin plates as guided or Lamb modes.  The velocities of
these modes are dispersive in that they depend not only on the material elastic properties and
density, but also on the frequency.  Accurate characterization of Lamb wave dispersion is
important in many acoustic based nondestructive evaluation techniques.  It is necessary for
ultrasonic measurements in thin plates to determine elastic properties and for flaw detection
and localization.  In acoustic emission (AE) testing, if not taken into account, highly disper-
sive Lamb mode propagation can lead to large errors in source location
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.  
In this study, the pseudo Wigner-Ville distribution (PWVD) was used for measurement

of group velocity dispersion of Lamb waves in a unidirectional graphite/epoxy (AS4/3502)
laminate.  The PWVD is one of a number of transforms which provide a time-frequency rep-
resentation of a digitized time series.  Broad band acoustic waves were generated by a pencil
lead fracture (Hsu-Neilsen source) and were detected with broad band ultrasonic transducers.
The arrival times for the lowest order symmetric (S

 

0

 

) and antisymmetric (A

 

0

 

) Lamb modes
were determined from measurements of the time at which the respective peak amplitudes
occurred in the PWVD.  Measurements were made at several source-to-detector distances
and a least squares fit used to calculate the velocity.  Results are presented for propagation
along, and perpendicular to, the fiber direction.  Theoretical dispersion curves were also cal-
culated and a comparison between theory and experiment demonstrates good agreement.  

The PWVD and other time-frequency analyses offer two advantages for dispersion
measurements in comparison to other techniques.  First, only a single measurement of a broad
band signal is required to determine the velocity over a wide range of frequencies.  Narrow
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band measurement techniques such as continuous wave resonant or tone burst pulse methods
only provide measurements at a single frequency and require a large number of measure-
ments to map out dispersion curves.  The Fourier phase method is a velocity measurement
technique that overcomes this problem using a broad band excitation
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.  The phase differ-
ence, as a function of frequency, between signals recorded at different distances of propaga-
tion is used to calculate dispersion.  A difficulty arises in calculating the true phase which
must be “unwrapped” to remove discontinuities when the calculated phase exceeds its 

 

±

 

π

 

limits.  A further problem with this and the previously mentioned narrow band techniques
occurs when multiple propagating modes and/or reflections are superimposed in the time
domain signal.  

The second advantage of using time frequency analysis for dispersion measurement is
that often the multiple modes or reflections can be separated in time-frequency space and
such signals can  still be analyzed.  The reflection coefficient method can also analyze multi-
ple mode signals and has been successfully used in Lamb wave dispersion measurements
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.
However, measurements must be repeated at multiple reflection angles and the plate must be
immersed.  The two-dimensional Fourier transform method
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 can be used on signals contain-
ing multiple modes.  In this approach, signals are detected at closely spaced intervals.  A two-
dimensional Fourier transform is then applied which is used for phase velocity dispersion cal-
culations.  A large number of measurements are needed to avoid aliasing when Fourier trans-
forming from the spatial domain.  Other spectral estimation techniques such as Prony’s
method can be used to reduce this requirement for such high spatial sampling
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.  

 

THEORY

 

The general equation of a time-frequency distribution, w(t,

 

ω

 

) for signal s(t) is given by

Eq. 1

where the integrals are evaluated from -  to .  In this equation, s* is the complex conjugate
and 

 

φ(θ,τ)

 

 is an arbitrary function known as the kernel.  Time and frequency are represented
by t and 

 

ω

 

 respectively
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.  For the Wigner distribution
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, the kernel function has a value of
1.  Substituting and applying to a sampled signal yields

Eq. 2

where t is the sampling interval and / .  The Wigner distribution has several
characteristics which limit its usefulness.  The first is a higher sampling requirement to avoid
aliasing.  The sampling frequency must be four times that of the highest frequency content of
the signal as opposed to the usual Nyquist criteria of only twice the highest frequency
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.
Additionally, the Wigner distribution produces complicated and unexpected results when
more than one frequency component is contained in a signal.  The Wigner distribution may
contain signal amplitude at frequencies and times not actually contained in the original time
signal.  This artifact is caused by interference consisting of cross terms in the distribution
from the multiple frequency components.  It can make interpretation of results very difficult.
The final undesirable characteristic of the Wigner distribution is that it may have negative val-
ues.  These do not have physical meaning and most often occur as a result of this interference. 

An approach to overcome the more restrictive sampling requirement was formulated by
Ville
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.  The Wigner-Ville distribution is calculated using analytic signal where the imaginary
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component is the Hilbert transform of the original time signal.  The requirement to avoid
aliasing is then reduced to that of the Nyquist criteria.  An intuitive rational for this approach
is based on the fact that a single sample of the analytic signal provides two effective samples
(the real and imaginary parts) of the original signal
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.  Convolving a smoothing window with
the distribution is used to minimize the effects of interference terms in the distribution and
eliminate negative values.  Smoothing, which results in the pseudo Wigner-Ville distribution,
emphasizes deterministic components and reduces those due to interference
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. 

 

EXPERIMENT

 

 Dispersion measurements were performed on a 16 ply unidirectional plate of AS4/3502
graphite/epoxy.  The nominal plate thickness was 2.26 mm with lateral dimensions of 0.508
m. along the fiber direction (0 degree direction) and 0.381 m. along the 90 degree direction.
Signals were generated by fracturing a 0.5 mm. diameter pencil lead on the surface of the
plate (Hsu-Neislen source).  This source mechanism produces broad band, transient acoustic
waves and is often used to simulate acoustic emission.  

The acoustic waves were detected by a 3.5 MHz ultrasonic sensor (Panametrics V182)
which has a diameter of 1.27 cm.  This sensor is heavily damped.  It was operated far off res-
onance in detecting these signals which had maximum frequency contents below 500 kHz.
At these frequencies, this sensor provides a flat frequency, displacement sensitive response.
The signals were digitized at  a sampling frequency of 10 MHz with 12 bit vertical resolution
(Digital Wave Corporation F4012).  The 2048 point waveforms were padded with 1024 zeros
both in front of, and after the signal to increase the frequency resolution of the PWVD.  

To improve accuracy, seven measurements were taken at different distances of propa-
gation in 1.27 cm. increments over a range of 8.89 cm. to 16.51 cm.  A least squares fit of
arrival time versus distance was used to calculate the velocity.  The source position was kept
fixed for all measurements and the receiver was moved to different positions.   Waveform
acquisition was triggered by a narrow band, 150 KHz resonant sensor (Physical Acoustics
Corporation R15) positioned adjacent to the source.

The original Fortran source code for the PWVD calculation from Jeon and Shin 
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 was
modified for these dispersion measurements.  The maximum number of points in the input
signal and the maximum number of points in the calculated distribution were increased to
provide enhanced time and frequency resolution.  Peak detection routines were added to
determine the arrival times of the two Lamb modes.  A time separating the latest arrival of the
S

 

0

 

 mode and earliest arrival of the A

 

0

 

 mode was determined the time domain signals and input
into the program.  At each frequency, the peak in the distribution before this input time value
were used as the basis for the S

 

0

 

 arrival times.  The distribution peak after the input time value
was used for the A

 

0

 

 arrival time.  A seven point cubic spline fit was used to improve the res-
olution in determining the peak amplitudes (i.e. arrival times) of the two modes.  

The PWVD results were displayed as grey-scale images.  The grey level at a given x
and y point in the image represents the amplitude of the distribution at a particular time and
frequency.  There was a large amplitude difference between the two modes.  To more clearly
show the two modes in the same image, the values of the distribution were compressed by
taking the 4’th root which allowed adequate visualization of the data.  

 

RESULTS AND DISCUSSION

 

Images of the PWVD along with the corresponding time domain signals for two dis-
tances of propagation are shown in Figure 1.  The large dispersion of the A

 

0

 

 mode is clearly
seen in both the time domain signals and the PWVD images.  Higher frequencies arrive at
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earlier times in this mode and the signal changes shape as it propagates longer distances.  Lit-
tle dispersion is seen in the S

 

0

 

 mode.  
The measured dispersion results were compared with theoretical group velocity  curves

based on a finite element model
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.  Nominal elastic properties for a single lamina were
obtained from the manufacturer and used in this calculation.  These values are shown in Table
1 where the coordinate reference system is such that the 1 axis is along the fiber direction.
The nominal density value of 1550 kg/m
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 was used.
The measured Lamb mode dispersion results for propagation perpendicular to the fiber

direction are shown in Figure 2.  The uncertainties in the measured velocity values as deter-
mined from the uncertainty of the slope in the least squares fit are displayed as error bars on
the measured data.  Comparison with theoretical curves show good agreement, particularly
for the A

 

0

 

 mode.  The measured values for the S

 

0

 

 mode are slightly higher than predicted.
Similar results were obtained in phase velocity measurements in this material in an earlier
study
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.  A possible explanation for this slight discrepancy is that the material properties
obtained from the manufacturer and used in the theoretical calculations are somewhat differ-
ent from those of the actual material.  Material property variations are not uncommon in
graphite/epoxy and may be caused by fiber volume variations, differences in cure processing
conditions, and variations in resin chemistry.     

The results for propagation along the fiber direction are shown in Figure 3.  Comparison
with theoretical curves shows good agreement for the A

 

0

 

 mode.  The measured values of  S
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Figure 1.

 

PWVD images and corresponding time domain signals for propagation perpendicular to the fiber 
direction at distances of  8.89 cm. (upper) and 15.24 cm. (lower). 
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mode are slightly lower than predicted along this direction.  These results are again consistent
with the previous phase velocity  measurements.    

In summary, a Pseudo Wigner-Ville distribution analysis has been used to measure the
group velocity dispersion of Lamb waves in a unidirectional graphite/epoxy laminate.  One
advantage of this method is that the dispersion over a wide range of frequencies can be deter-
mined from a single measurement.  Multiple measurements were used in this study to provide
increased accuracy.  Another advantage of time-frequency methods is that they can be used
for signals which contain multiple modes.  Results are presented for measurements both
along, and perpendicular to the fiber direction.  Comparison with theoretical predictions
shows good agreement.  The slight discrepancies between theory and experiment for  the S

 

0

 

mode velocities are consistent with previous phase velocity measurements in this material.

Figure 2. Measured Lamb mode group velocities along 90 degree propagation direction and comparison 
with theoretical predictions.
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Measured Lamb mode group velocities along 0 degree propagation direction and comparison with 
theoretical predictions
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Table 1.  

 

Nominal elastic moduli of AS4/3502 used in theoretical dispersion calculations.
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